Introduction {#Sec1}
============

Investigations, based on elasto-plastic models, have been carried out by several authors \[[@CR2]--[@CR4], [@CR10], [@CR17], [@CR25], [@CR35]\] leading to the result that failure may occur *before* the limit yield condition is encountered. Second-order work investigations with hypoplasticity showed similar results \[[@CR2], [@CR7], [@CR14], [@CR28]\], among other things that for loose soil second-order work vanishes at stress states inside the critical limit surface.

The literature on uniqueness, stability, bifurcation and failure is vast. Stability refers to systems, as characterized by their boundary conditions, and not only to materials. In particular, the nature of tractions on the boundary plays an important role, e.g. the question whether they are dead or follower loads or not. In this article, we consider the second-order work expressed as $\documentclass[12pt]{minimal}
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                \begin{document}$${\hbox {tr}}({\mathring{{\mathbf {T}}}}{\mathbf {D}})$$\end{document}$. For symbols and notation, see Sect. [2](#Sec2){ref-type="sec"}. Many relevant citations can be found in Hill \[[@CR9]\]. As they refer mainly to elastic solids, we cite some publications from soil mechanics.

Lade \[[@CR15]\], based on experimental results, concludes that the violation of the stability criteria of Hill, $\documentclass[12pt]{minimal}
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Nova \[[@CR29]\] investigated the controllability of element tests of soils obeying the constitutive law $\documentclass[12pt]{minimal}
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The unique invertibility (in the sense of *unique* response to *any* loading program) was called by Nova 'controllability'. This term is, however, somehow misleading, as it can be easily conceived as the condition for obtaining a unique deformation of a sample by application of boundary tractions and displacements (in the sense that the deformation of a body is controlled by the boundary tractions and displacements). Such deformation is in many cases expected to be homogeneous, the corresponding tests are then called 'element tests'. The unique solution of a boundary value problem with prescribed boundary displacements does, however, not follow from $\documentclass[12pt]{minimal}
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Negative second-order work denotes softening, i.e. the tangential stiffness has at least one negative eigenvalue. For some static boundary conditions of dead loads, this implies increasing in kinetic energy and thus collapse. In fact, Nicot et al. \[[@CR26]\] correlate vanishing second-order work with increase of kinetic energy and corresponding failure.

Symbols and notation {#Sec2}
====================

We use the symbolic notation for Cauchy effective stress $\documentclass[12pt]{minimal}
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The deviatoric stress is written as $\documentclass[12pt]{minimal}
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Note that several definitions for dilatancy can be found. In barodesy is used $\documentclass[12pt]{minimal}
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This ratio of volumetric to deviatoric strain rate can be expressed in dependence of $\documentclass[12pt]{minimal}
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From Eqs. [10](#Equ10){ref-type=""} and [11](#Equ11){ref-type=""} follows:$$\documentclass[12pt]{minimal}
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Barodesy {#Sec3}
========
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As in Sect. [4](#Sec4){ref-type="sec"} only rectilinear extensions are examined, the co-rotational, objective stress rate $\documentclass[12pt]{minimal}
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Several rectilinear deformations represented by the principal stresses $\documentclass[12pt]{minimal}
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Element tests {#Sec4}
=============

We investigate the second-order work for specific loading paths in standard element tests (Sects. [4.1](#Sec5){ref-type="sec"}--[4.2](#Sec6){ref-type="sec"}) and give a more general perspective in Sect. [4.3](#Sec7){ref-type="sec"}.

Undrained triaxial test {#Sec5}
-----------------------

The undrained triaxial test is an illustrative example to explain vanishing second-order work inside the critical stress surface. As it is a rectilinear extension, we set $\documentclass[12pt]{minimal}
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From Eq. [20](#Equ20){ref-type=""} follows $\documentclass[12pt]{minimal}
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In Appendix [2](#Sec13){ref-type="sec"}, we add the drained triaxial test as an illustrative example to investigate second-order work in barodesy.

Non-conventional drained triaxial tests {#Sec6}
---------------------------------------

We consider drained triaxial tests with reduction of *p* at $\documentclass[12pt]{minimal}
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Investigations in the deviatoric plane {#Sec7}
--------------------------------------

The following analysis has been carried out numerically. We consider the deviatoric plane $\documentclass[12pt]{minimal}
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Finite element calculations {#Sec8}
===========================

State of the art in geotechnical engineering are calculations of stress and strain fields with finite element approaches. Commercial finite element programs often allow assessment of stability by means of so-called *strength reduction analyses* ($\documentclass[12pt]{minimal}
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                \begin{document}$${\hbox {tr}}{({\dot{{\mathbf {T}}}} {\mathbf {D}})}\le 0$$\end{document}$ in finite element calculations could give a more clear identification of instability \[[@CR17], [@CR22], [@CR25], [@CR27]\]. The here presented finite element calculations have been performed using Abaqus. For Abaqus, a user subroutine [Umat]{.smallcaps} for the material model barodesy is available \[[@CR31]\]. As barodesy is not formulated in the framework of elasto-plasticity, a special strength reduction approach has been developed \[[@CR32]\]. Second-order work has been made available as additional output variable in the user material subroutine. Thus, second-order work can be visualized easily in the abaqus framework for barodesy.

Note that in the finite element applications addressed here, $\documentclass[12pt]{minimal}
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                \begin{document}$$W_2$$\end{document}$ surfaces in stress space as developed by Niemunis \[[@CR28]\] for hypoplasticity and applied by Meier et al. \[[@CR22]\] is not yet archived for barodesy. However, the so obtained instability is still useful as indicator of failure.

Biaxial tests {#Sec9}
-------------

The capability of modelling shear bands is an important property of material models. A first approach of visualizing shear bands in finite element calculations can be done on fine-meshed biaxial tests \[[@CR14]\]. Finite element calculations of biaxial tests with barodesy have already been performed by Schneider-Muntau et al. \[[@CR31]\], and the appearance of shear bands has been discussed. The same example is used in this article for shear band visualization with the second-order work criterion. For a biaxial test with a homogeneous void ratio distribution over 200 elements ($\documentclass[12pt]{minimal}
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                \begin{document}$$e_{{\text {ini}}} = 0.55$$\end{document}$), all elements have the same deformation, see Fig. [6](#Fig6){ref-type="fig"} for the stress--strain relationship and Fig. [7](#Fig7){ref-type="fig"} for the second-order work distribution. Second-order work vanishes for all elements at the same calculation step, which corresponds to the peak at an axial strain of $\documentclass[12pt]{minimal}
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As to be expected, biaxial tests with an imperfection (a single looser element with $\documentclass[12pt]{minimal}
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                \begin{document}$$e_{{\text {ini}}} = 0.57$$\end{document}$) show an inhomogeneous deformation from the very beginning of the test. In Fig. [6](#Fig6){ref-type="fig"}b, the stress--strain relationship of every single element is displayed. A similar behaviour for all elements is obtained until the peak. With continued deformation, the stress--strain relationships of each element get chaotic. At the peak, second-order work becomes negative for some elements. As can be seen in Fig. [8](#Fig8){ref-type="fig"}a, those elements form a band of vanishing/negative second-order work. Note that dead load controlled deformation would not be possible at this stage any more. The first occurrence of a continuous shearband is at 6.7% axial strain, which corresponds to the peak of the homogeneous void ratio distribution. At this stage, the shear band is not visible in the void ratio distribution, Fig. [8](#Fig8){ref-type="fig"}b, and can only be guessed in the distribution of deviatoric strains, see Fig. [8](#Fig8){ref-type="fig"}c. Visualizing shear bands in terms of deviatoric strain or void ratio distribution only indicate strain accumulation and are dependent on the visualization scale.Fig. 6Axial stress $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon _1$$\end{document}$ relationship of all 200 elements of a biaxial test: in **a** the void ratio distribution is homogeneous, in **b** the void ratio distribution is inhomogeneous (one weak element)Fig. 7Second-order work evolution of all 200 elements of a biaxial test: in **a** the void ratio distribution is homogeneous, in **b** the void ratio distribution is inhomogeneous (one weak element)Fig. 8Biaxial test at a vertical strain $\documentclass[12pt]{minimal}
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Slope stability {#Sec10}
---------------

Slope stability analyses in the framework of elasto-plasticity have been carried out, in order to identify unstable situations \[[@CR4], [@CR16], [@CR27], [@CR30]\]. Meier et al. \[[@CR22]\] determine unstable areas of shallow slopes on the basis of a hypoplastic second-order work stability criterion according to Niemunis \[[@CR28]\]. Slope stability finite element calculations with a strength reduction method for barodesy have been presented by Muntau et al. \[[@CR32]\]. The material parameters $\documentclass[12pt]{minimal}
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                \begin{document}$$\le 0$$\end{document}$ yields the hatched areas in Fig. [9](#Fig9){ref-type="fig"}a. The band of vanishing/negative second-order work from bottom to top of the slope is clearly visible, contrary to the shear band in terms of void ratio distribution in Fig. [9](#Fig9){ref-type="fig"}b.Fig. 9Slope at the moment of an appearance of a visible shear band by means of negative second-order work. In **a** areas are marked where second-order work $\documentclass[12pt]{minimal}
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Conclusions {#Sec11}
===========

Vanishing second-order work appears to be an suitable criterion for a situation where failure may occur. To evaluate $\documentclass[12pt]{minimal}
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                \begin{document}$${\dot{{\mathbf {T}}}}$$\end{document}$-tensors (resulting from a particular constitutive relation) should be investigated. This search is time-consuming and has been applied for the element tests in Figs. [3](#Fig3){ref-type="fig"}, [4](#Fig4){ref-type="fig"} and [5](#Fig5){ref-type="fig"}: we varied the stretching tensor in the deviatoric plane in order to search for minimum values of second-order work. As soon as second-order work vanishes, the investigated stress state belongs to the searched boundary. For a constant overconsolidation ratio, vanishing second-order work is described by a cone. For normally consolidated to slightly overconsolidated soil, these cones lie inside the cone of critical stress states.

In barodesy, the second-order work approach showed---like in hypoplasticity and elasto-plasticity---that second-order may vanish at stress states inside the critical limit surface. It is obtained that for rather loose soils, second-order work vanishes inside the critical stress surface. Evaluating $\documentclass[12pt]{minimal}
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For finite element calculations, the variation of $\documentclass[12pt]{minimal}
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Appendix 1: Equations of barodesy {#Sec12}
=================================

In this appendix, all equations of barodesy for clay \[[@CR20]\] are summarized.$$\documentclass[12pt]{minimal}
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Appendix 2: Drained triaxial test {#Sec13}
=================================

For axisymmetric loading conditions, Eq. [2](#Equ2){ref-type=""} can be rewritten as:$$\documentclass[12pt]{minimal}
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Hypoplasticity and barodesy are constitutive models which do not use the standard notions of elasto-plastic models (such as elastic region, yield function, flow function, \...). Instead, the effective co-rotated stress rate $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {T}}$$\end{document}$, optionally complemented by further variables, as the void ratio *e*.

In this article, the simulations are carried out with barodesy for clay. All equations and a detailed description can be found in the open access article by Medicus and Fellin \[[@CR20]\].

In this article, the mobilized friction angle when second-order work vanishes is denoted as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _{W_2}$$\end{document}$.

It is common to define the overconsolidation ratio (OCR = $\documentclass[12pt]{minimal}
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From the earth pressure coefficient at rest $\documentclass[12pt]{minimal}
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Note that the angle of dilatancy $\documentclass[12pt]{minimal}
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                \begin{document}$$0<\alpha _\sigma <15^\circ$$\end{document}$ for plane strain conditions. These findings correspond to results obtained with barodesy \[[@CR21]\].
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